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RÉSUMÉ. – Soient M1 et M2 deux surfaces minimales complètes dans l’espace
Euclidien R3 de dimension trois, ou dans une variete N de dimension trois, de courbure
de Ricci bornée inférieurement par un nombre strictement positif. Nous montrons que
M1 rencontre M2 dans N si leurs courbures de Gauss sont bornées. Si elles sont dans R3
et que leurs courbures de Gauss sont bornées, nous montrons qu’elles se rencontrent ou
sont des plans parallèles. Nous montrons également qu’une surface minimale complète
dans N , de courbure bornée, et injectivement immergée, est compacte.  2001 Éditions
scientifiques et médicales Elsevier SAS
Let M1 and M2 be complete minimal surfaces immersed in R3 or a
3-manifold N of positive Ricci curvature. What conditions guarantee
that M1 must intersect M2? In R3, parallel planes do not intersect but
more seriously, there are complete minimal surfaces in a ball [4] so some
conditions on M1,M2 are necessary. The half-space theorem of Hoffman
and Meeks states that if M1 and M2 are properly immersed in R3 then
M1 ∩ M2 = ∅ or they are parallel planes [3]. For hypersurfaces in an
n-manifold N of positive Ricci curvature, Frankel proved that if M1 is
compact and M2 closed in N , then they must intersect [1].
In this paper we shall prove:
THEOREM 1. – Let N be a compact 3-manifold of strictly positive
Ricci curvature and assume M1,M2 are complete minimal immersed
surfaces in N , of bounded curvature. Then M1 ∩M2 = ∅.
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THEOREM 2. – Assume M1,M2 are complete minimal surfaces im-
mersed in R3 of bounded curvature. Then M1 ∩M2 = ∅ or M1,M2 are
parallel planes.
Before proving these theorems we derive some properties of minimal
surfaces of bounded curvature.
Local limits of bounded curvature minimal surfaces. Let M be
a complete minimal surface in R3 (or any 3-manifold N with bounded
geometry) of bounded curvature. There is δ > 0 such that for each x ∈M ,
M is a graph over the disk Dδ(x) in the tangent plane to M at x, centered
at x and of radius δ. Moreover each such local graph has bounded
geometry.
Let xn be any sequence of points in M , converging to some point
x ∈ R3. Let Fn denote the part of M that is a graph containing xn, over
the disk Dδ(xn) ⊂ Txn(M). Choose a subsequence of the xn so that the
tangent planes of M at the subsequence converge to some plane P at x.
Then the Fn of this subsequence will be graphs (for n large) over the disk
D of radius δ/2 in P , centered at x. By compactness of minimal graphs,
a subsequence of the Fn will converge to a minimal graph F∞ over D,
x ∈ F∞. In general F∞ is not unique.
The structure of M1 ∩ M2. Now suppose M1 and M2 satisfy the
hypothesis of Theorem 1 and M1 ∩M2 = ∅. Let K1 =M1, K2 =M2.
There are two cases, depending on K1 ∩K2.
Assume first, that K1 ∩ K2 = ∅. We will show that for any point
x ∈K1 ∩K2, there passes a unique complete embedded minimal surface
F(x)⊂K1 ∩K2; F(x) has bounded geometry and is locally the limit of
local graphs of M1 and M2.
Let x ∈ K1 ∩K2. Choose xn ∈M1, xn → x, so that the local graphs
Fn of M1 at xn converge to a minimal graph F∞ at x. We can assume
F∞ is a graph over a disk Dδ(x) in a plane P passing through x. Since
x ∈ K2, we can also choose yn ∈M2, yn → x, so that the local graphs
Gn of M2 at yn, converge to a minimal graph G∞ over a disk Eδ(x) in a
plane Q passing through x. We claim P =Q and G∞ = F∞. For if this
were not the case, then F∞ and G∞ would cross each other near x (i.e.,
x ∈ F∞ ∩G∞ and the maximum principle for minimal surfaces implies
there are points of F∞ ∩G∞ near x where they meet transversely). Now
F∞ is the uniform limit of the Fn and G∞ is the uniform limit of the Gn
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so near a point of transverse intersection of F∞ and G∞ we would have
Fi intersecting Gj for i, j large. This contradicts M1 ∩M2 = ∅.
Thus, at x ∈ K1 ∩K2 we have a unique local minimal surface F∞, a
graph over a disk Dδ(x) and F∞ is the limit of local graphs Fn ⊂ M1
and Gn ⊂M2. Notice that each Fn is disjoint from F∞; again because
M1 ∩M2 = ∅. Since the convergence of Fn to F∞ is uniform, we have
F∞ ⊂K1. Now each point y ∈ ∂F∞, is also in K1 ∩K2 so there is a limit
graph F∞(y), at y, over a disk of radius δ centered at y. By uniqueness of
the limits, F∞(y)= F∞ where they intersect. Thus F∞ may be continued
analytically to obtain a complete minimal surface F ⊂K1 ∩K2.
Notice that F is embedded, since at a point of transverse intersection of
F with itself, we would have local graphs of M1 intersecting local graphs
of M2. For the same reason F is disjoint from M1 or M2.
Thus through each point x ∈K1 ∩K2, there passes a unique complete
minimal surface F = F(x) ⊂ K1 ∩ K2; F(x) is embedded and has
bounded geometry.
F is a stable minimal surface. First remark that since F has
bounded curvature, the exponential map is a local diffeomorphism for
a fixed ε > 0. Let F˜ be the universal covering space of F . The ε-normal
bundle of F induces a submersion of the ε-normal bundle of F˜ into R3.
Call ν this normal bundle of F˜ and let ν have the metric induced by the
submersion into R3; F˜ is the zero section of ν.
Let D˜ be a compact domain of F˜ , D its projection into F . Each point
of D has a neighborhood (of some fixed size) that is a uniform limit of
local graphs of M1 or M2; let us supppose M1. Then D is a uniform limit
of pairwise-disjoint embedded domains En, each En is a lifting of an
(immersed) domain of M1. The En are embedded because D is simply
connected: if C is a path in D joining x to y and E(1) is some local lift
of a piece of M1 defined over a neighborhood of x in D, then the usual
holonomy construction in ν allows one to continue the local lift E(1)
along C to a chain of local lifts E(2), . . . ,E(m) with E(m) a local lift
of M1 over a neighborhood of y, and each E(j) agrees with E(j + 1)
on their intersection. Simple connectivity of D implies E(m) does not
depend on C (E(1) must be chosen close enough to F˜ and the paths C in
D not too long so that one can lift the path up to y).
It is known that a domain D that is a limit of disjoint minimal domains
En is stable. Here is a proof. suppose D were unstable so that the first
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eigenvalue λ1 of the stability operator L of the minimal surface D (here
L=∆− 2K) is negative. Let n denote the unit vector field along D in ν
and f the eigenfunction of λ1, L(f )+λ1f = 0, f > 0 in intD and f = 0
on ∂D. Consider the variation of D: D(t) = {x + tf (x)n(x)/x ∈ D}.
The first variation H˙ (0) of the mean curvature of D(t) at t = 0, is given
by L(f ). Since λ1 < 0, and f (x) > 0 for x ∈ intD, it follows that the
mean curvature vector of D(t), for t small, points away from D; i.e.,
〈 Ht(x), n(x)〉 0.
Now for t0 small, t0 > 0, choose n large so that E(n) is close enough to
D so there is a non empty intersection of D(t0) and E(n). As t decreases
from t0 to 0, the D(t) go from D(t0) to D. So there will be a smallest
positive t so that D(t) has a non empty intersection with E(n). Let
y ∈D(t)∩E(n). Near y, E(n) is on the mean convex side of D(t). Since
E(n) is a minimal surface this is impossible.
Proof of Theorem 1. – Let M1,M2 be complete immersed minimal
surfaces in N , N a compact 3-manifold of strictly positive Ricci
curvature.
If M1 ∩M2 = ∅ and M1 ∩M2 = ∅ then the previous discussion shows
there is a complete stable minimal surface F in N passing through each
point of M1 ∩M2, F is obtained by taking local limits and continuing
analytically. But Schoen has proved there are no complete stable minimal
surfaces in a 3-manifold of strictly positive Ricci curvature [5]; so it
is not possible that M1 ∩ M2 = ∅ and M1 ∩ M2 = ∅. Next suppose
M1 ∩ M2 = ∅. Let x ∈ M1, y ∈ M2 with 0 < d(x, y) = d(M1,M2).
Choose a minimal surface F(x) which is a local limit of local graphs
in M1. Similarly let F(y) be a local minimal surface through y which is
a limit of local graphs of M2.
Let γ be a geodesic joining x to y of length d(x, y). Notice that
γ is orthogonal to F(x) at x and F(y) at y, otherwise we could find
points of F(x) in M1 and F(y) in M2 that are closer than x and y.
Thus d(F (x),F (y)) = d(x, y) and the argument of Frankel shows this
is impossible (Frankel shows there is no minimizing geodesic γ joining
x to y by using the second variation formula for energy applied to the
frame along γ obtained by parallel transport of an orthonormal frame
tangent to M1 at x [1]). This completes the proof of Theorem 1. ✷
Proof of Theorem 2. – Let M1,M2 be complete minimal surfaces in R3
of bounded curvature and suppose M1 ∩M2 = ∅.
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In case M1 ∩M2 = ∅, we know there is a complete stable minimal
surface F inR3, disjoint from M1 or M2 and if F meets M2 then F =M2.
The curvature estimates of R. Schoen [5], imply that F is a flat plane.
Then M1 (and M2) are contained in a half-space. F. Xavier proved the
convex hull of a complete minimal surface in R3 of bounded curvature
is R3 or the surface is a plane [6]. Hence M1 and M2 are planes and this
completes the proof of Theorem 2 when M1 ∩M2 = ∅. Now suppose
M1 ∩ M2 = ∅. Let K1 = M1, K2 = M2. The idea (as in the proof of
the strong half-space theorem) is to construct a complete stable minimal
surface between K1 and K2. Then this stable surface is a plane and one
can apply Xavier’s theorem.
We first observe that there are no bounded connected components of
K1 (or K2). Because if L is a bounded connected component of K1,
we know K2 is closed and dist(L,K2) > 0, so there is a minimizing
geodesic β joining a point x1 ∈L to a point x2 ∈K2 and the length of β is
dist(L,K2). Let F∞ be a local minimal surface through x1, F∞ obtained
by taking local limits of local graphs of M1. Similarly, let G∞ ⊂K2 be a
local minimal surface through y1. Clearly F∞ and G∞ are orthogonal to
β at x1 and y1 respectively and dist(F∞,G∞)= dist(x1, y1).
This implies F∞ and G∞ are flat (contained in parallel planes): as
before, we can analytically continue F∞ to a complete stable minimal
surface F (by taking local limits to points in ∂F∞ and continuing) and
F ⊂ L. But the stable surface F is then a plane which is impossible since
L is compact. So each connected component of K1 (or K2) is unbounded.
Let x ∈ K1, y ∈ K2 and γ be a path in R3 joining x to y, meeting
K1 ∪ K2 only at x and y. Let U be the connected component of
R
3 − (K1 ∪K2) containing int γ .
Let B = B(R) be a ball of radius R containing γ . Denote by K1(R),
K2(R), the intersection of K1,K2 with B . We know that U ∩ ∂B ,
K1(R)∩ ∂B , and K2(R)∩ ∂B are each non empty.
In B = BR we define L(r)= {x ∈ U ∩B/d(x,K1)= r}. S. Ferrey has
proved that L(r) is a C0 Lipschitz submanifold of B for almost all r > 0,
r sufficiently small [2]. We choose such an r less than d(K1(R),K2(R)).
L(r) is a submanifold of B with ∂L(r) ⊂ ∂B , ∂L(r) = ∅. Recall that
γ ⊂ U ∩ B is a path joining a point of K1 to a point of K2. Since L(r)
separates K1 from K2 in U ∩ B , the intersection number of L(r) and
γ is 1 mod(2). Now suppose that K1(R) and K2(R) are good barriers
for solving the Plateau problem in U ∩ B . Then a least area surface
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Σ(R) in U ∩ B , homologous to L(r) with ∂Σ(R) = ∂L(r), exists and
also intersects γ . Let R→∞, and consider the surfaces Σ(R); one has
curvature and area bounds so a subsequence of the Σ(R) converges to a
stable complete minimal surface Σ . Each Σ(R) intersects γ so Σ = ∅.
Then Σ is a plane. A little thought shows that Σ ⊂ U or Σ = M1 or
M2, if Σ touches ∂U . In any case, M1 and M2 are planes by Xavier’s
theorem.
Thus it remains to show K1(R) and K2(R) are good barriers for the
Plateau problem in U .
Denote by K either K1(R) or K2(R), and let d be the distance function
to K in U . We will first prove that d is a super-harmonic function in U in
the sense of the mean value inequality. More precisely
d(x)
∮
Sδ(x)
d(z),
where Sδ(x) is the Euclidean sphere of radius δ centered at x ∈ U and the
integral on the right is the average value of d on Sδ(x).
To see this, let y ∈ K be a point where d(x,K) = |x − y| and let
F = F(y) be a local minimal surface passing through y; a limit of local
graphs of M1 (or M2). We know that F ∩ U = ∅.
Consider the distance function ρ to F . It is well known that ρ is
superharmonic hence satisfies the mean value inequality. Clearly d(x)=
ρ(x). Now if δ > 0 is small and z ∈ Sδ(x), then d(z)  ρ(z) since the
line segment joining z to a point of F must leave U . Hence
d(x)= ρ(x)
∮
Sδ(x)
ρ(z)
∫
Sδ(x)
d(z),
and d is superharmonic. This implies the flux of d across Sδ(x) is
nonpositive for δ small (let u be the harmonic extension of d restricted to
Sδ(x). Then u  d in Bδ(x) since d is superharmonic so ∂u∂ν (z)
∂d
∂ν
(z)
for z ∈ Sδ(x) (a.e.), ν the outer normal to Sδ(x) at z, and ∫Sδ(x) ∂u∂ν = 0).
Hence for any domain Q in U with ∂Q differentiable (a.e.), we have
the flux of d across ∂Q nonpositive:
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∫
∂Q
∂d
∂ν
=
∫
∂Q
〈∇d, ν∂Q〉 0,
where ν = ν∂Q is the outer conormal to ∂Q.
Now consider a sequence of surfaces in Q whose area is decreasing
and boundary is fixed. We wish to show the surfaces do not leave U
across K .
Let r > 0 be small so that L(r) is a Lipschitz submanifold of U (the
points of U at a constant distance r from K). Let Q be a domain of R3
with ∂Q differentiable (a.e.), ∂Q=Σ ∪A, with Σ ⊂ L(r). Also assume
Q⊂ U ∪ {d  r}. then along Σ , one has ∇d = ν∂Q (a.e.).
Since d is superharmonic, we have
0
∫
∂Q
〈∇d, ν∂Q〉 =
∫
Σ
〈∇d, νΣ〉 +
∫
A
〈∇d, νA〉
= |Σ | +
∫
A
〈∇d, νA〉,
where |Σ | denotes the area of Σ . Also
−1 〈∇d, νA〉 1,
so
−
∫
A
〈∇d, νA〉 |A|.
This shows |Σ | |A|. hence a minimizing sequence of surfaces (for area)
in U will not cross over L(r) for r small. This completes the proof of
Theorem 2. ✷
Remark. – The proofs of Theorems 1 and 2 yield that an injectively
immersed complete minimal surface M of bounded curvature in a
compact N of positive Ricci curvature, is in fact compact. Otherwise the
closure of M would contain a complete stable minimal surface. Similarly,
if M is an injectively immersed complete minimal surface in R3 of
bounded curvature, then M is proper. Since M would contain a plane
disjoint from M if M were not proper. But then M would also be a
plane.
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